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Are we eventually working 
in the same field? 
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The Standard Model is to PL what  
movement without friction is to mechanics. 
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Example of static analysis (input){n0>=0}
n := n0;

{n0=n,n0>=0}
i := n;

{n0=i,n0=n,n0>=0}
while (i <> 0 ) do

{n0=n,i>=1,n0>=i}
j := 0;

{n0=n,j=0,i>=1,n0>=i}
while (j <> i) do

{n0=n,j>=0,i>=j+1,n0>=i}
j := j + 1

{n0=n,j>=1,i>=j,n0>=i}
od;

{n0=n,i=j,i>=1,n0>=i}
i := i - 1

{i+1=j,n0=n,i>=0,n0>=i+1}
od

{n0=n,i=0,n0>=0}
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<latexit sha1_base64="RgYO8w3H4Km6NISskSonYXQ+jXA=">AAAB8nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJFHQjFt24rGgvkIQymU7aoZNJmJkIJfQx3LhQpFvfw70b8W2cXhba+sPAx/+fw5xzwpQzpR3n2yqsrK6tbxQ37a3tnd290v5BUyWZJLRBEp7IdogV5UzQhmaa03YqKY5DTlvh4GaStx6pVCwRD3qY0iDGPcEiRrA2lucL2kM+wRzdd0plp+JMhZbBnUP56sO+TMdfdr1T+vS7CcliKjThWCnPdVId5FhqRjgd2X6maIrJAPeoZ1DgmKogn448QifG6aIokeYJjabu744cx0oN49BUxlj31WI2Mf/LvExHF0HORJppKsjsoyjjSCdosj/qMkmJ5kMDmEhmZkWkjyUm2lzJNkdwF1dehuZZxa1WqndOuXYNMxXhCI7hFFw4hxrcQh0aQCCBJ3iBV0tbz9abNZ6VFqx5zyH8kfX+A7XHk+E=</latexit>

[[P ]] ✓ S

<latexit sha1_base64="kuJRPU5C5ot5lqhlwVKHjJnEr7k=">AAACBnicbVDJSgNBEO2JW4zbqEcROgmCIIQZCegx6MVjRLPAzBB6OpWkSc9id48wDDl58QP8CS8eFPHqN3jL39hZDhp9UPB4r4qqen7MmVSWNTZyS8srq2v59cLG5tb2jrm715RRIig0aMQj0faJBM5CaCimOLRjASTwObT84eXEb92DkCwKb1UagxeQfsh6jBKlpY556LhFB9c9t+hhVya+BAV3OHMp4fhm1DHLVsWaAv8l9pyUayX35GlcS+sd88vtRjQJIFSUEykd24qVlxGhGOUwKriJhJjQIemDo2lIApBeNn1jhI+00sW9SOgKFZ6qPycyEkiZBr7uDIgayEVvIv7nOYnqnXsZC+NEQUhni3oJxyrCk0xwlwmgiqeaECqYvhXTARGEKp1cQYdgL778lzRPK3a1Ur3WaVygGfLoAJXQMbLRGaqhK1RHDUTRA3pGr+jNeDRejHfjY9aaM+Yz++gXjM9vQsmauA==</latexit>

good
bad



ⓒ Giacobazzi

[[P ]]

<latexit sha1_base64="w4Yg3ilzzjL6HJ7e6vKAHL9HGJg=">AAAB8HicbVDLSsNAFL3xWeur6tJN2iIIQkmkoMuiG5cV7EOSUCbTSTt0ZhJmJkII/QpduFDErZ/jrn/j9LHQ1gMXDufcy733hAmjSjvOxFpb39jc2i7sFHf39g8OS0fHbRWnEpMWjlksuyFShFFBWppqRrqJJIiHjHTC0e3U7zwRqWgsHnSWkICjgaARxUgb6dHzy14z8MtBr1R1as4M9ipxF6TaqPgXL5NG1uyVvv1+jFNOhMYMKeW5TqKDHElNMSPjop8qkiA8QgPiGSoQJyrIZweP7TOj9O0olqaEtmfq74kccaUyHppOjvRQLXtT8T/PS3V0HeRUJKkmAs8XRSmzdWxPv7f7VBKsWWYIwpKaW208RBJhbTIqmhDc5ZdXSfuy5tZr9XuTxg3MUYBTqMA5uHAFDbiDJrQAA4dneIN3S1qv1of1OW9dsxYzJ/AH1tcPoeySoA==</latexit>

S

<latexit sha1_base64="xe3tTqjn5ojOylzRbAT5OTbAeVg=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNCNWHTjsqK9QDuUTJppYzPJkGSEMvQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTu5hcWl5ZX8qru2vrG5VdjeqWmZKkKrRHKpGiHWlDNBq4YZThuJojgOOa2H/ctRXr+nSjMpbs0goUGMu4JFjGBjrVqLYI5u2oWiV/LGQvPgT6F4/uGeJW9fbqVd+Gx1JEljKgzhWOum7yUmyLAyjHA6dFuppgkmfdylTYsCx1QH2XjaITqwTgdFUtknDBq7vzsyHGs9iENbGWPT07PZyPwva6YmOg0yJpLUUEEmH0UpR0ai0eqowxQlhg8sYKKYnRWRHlaYGHsg1x7Bn115HmpHJf+4dHztFcsXMFEe9mAfDsGHEyjDFVSgCgTu4AGe4NmRzqPz4rxOSnPOtGcX/sh5/wFW2ZH5</latexit>

¬S

<latexit sha1_base64="RgYO8w3H4Km6NISskSonYXQ+jXA=">AAAB8nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJFHQjFt24rGgvkIQymU7aoZNJmJkIJfQx3LhQpFvfw70b8W2cXhba+sPAx/+fw5xzwpQzpR3n2yqsrK6tbxQ37a3tnd290v5BUyWZJLRBEp7IdogV5UzQhmaa03YqKY5DTlvh4GaStx6pVCwRD3qY0iDGPcEiRrA2lucL2kM+wRzdd0plp+JMhZbBnUP56sO+TMdfdr1T+vS7CcliKjThWCnPdVId5FhqRjgd2X6maIrJAPeoZ1DgmKogn448QifG6aIokeYJjabu744cx0oN49BUxlj31WI2Mf/LvExHF0HORJppKsjsoyjjSCdosj/qMkmJ5kMDmEhmZkWkjyUm2lzJNkdwF1dehuZZxa1WqndOuXYNMxXhCI7hFFw4hxrcQh0aQCCBJ3iBV0tbz9abNZ6VFqx5zyH8kfX+A7XHk+E=</latexit>

[[P ]] ✓ S

<latexit sha1_base64="kuJRPU5C5ot5lqhlwVKHjJnEr7k=">AAACBnicbVDJSgNBEO2JW4zbqEcROgmCIIQZCegx6MVjRLPAzBB6OpWkSc9id48wDDl58QP8CS8eFPHqN3jL39hZDhp9UPB4r4qqen7MmVSWNTZyS8srq2v59cLG5tb2jrm715RRIig0aMQj0faJBM5CaCimOLRjASTwObT84eXEb92DkCwKb1UagxeQfsh6jBKlpY556LhFB9c9t+hhVya+BAV3OHMp4fhm1DHLVsWaAv8l9pyUayX35GlcS+sd88vtRjQJIFSUEykd24qVlxGhGOUwKriJhJjQIemDo2lIApBeNn1jhI+00sW9SOgKFZ6qPycyEkiZBr7uDIgayEVvIv7nOYnqnXsZC+NEQUhni3oJxyrCk0xwlwmgiqeaECqYvhXTARGEKp1cQYdgL778lzRPK3a1Ur3WaVygGfLoAJXQMbLRGaqhK1RHDUTRA3pGr+jNeDRejHfjY9aaM+Yz++gXjM9vQsmauA==</latexit>

Yes

good
bad



ⓒ Giacobazzi

[[P ]]

<latexit sha1_base64="w4Yg3ilzzjL6HJ7e6vKAHL9HGJg=">AAAB8HicbVDLSsNAFL3xWeur6tJN2iIIQkmkoMuiG5cV7EOSUCbTSTt0ZhJmJkII/QpduFDErZ/jrn/j9LHQ1gMXDufcy733hAmjSjvOxFpb39jc2i7sFHf39g8OS0fHbRWnEpMWjlksuyFShFFBWppqRrqJJIiHjHTC0e3U7zwRqWgsHnSWkICjgaARxUgb6dHzy14z8MtBr1R1as4M9ipxF6TaqPgXL5NG1uyVvv1+jFNOhMYMKeW5TqKDHElNMSPjop8qkiA8QgPiGSoQJyrIZweP7TOj9O0olqaEtmfq74kccaUyHppOjvRQLXtT8T/PS3V0HeRUJKkmAs8XRSmzdWxPv7f7VBKsWWYIwpKaW208RBJhbTIqmhDc5ZdXSfuy5tZr9XuTxg3MUYBTqMA5uHAFDbiDJrQAA4dneIN3S1qv1of1OW9dsxYzJ/AH1tcPoeySoA==</latexit>

S

<latexit sha1_base64="xe3tTqjn5ojOylzRbAT5OTbAeVg=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNCNWHTjsqK9QDuUTJppYzPJkGSEMvQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTu5hcWl5ZX8qru2vrG5VdjeqWmZKkKrRHKpGiHWlDNBq4YZThuJojgOOa2H/ctRXr+nSjMpbs0goUGMu4JFjGBjrVqLYI5u2oWiV/LGQvPgT6F4/uGeJW9fbqVd+Gx1JEljKgzhWOum7yUmyLAyjHA6dFuppgkmfdylTYsCx1QH2XjaITqwTgdFUtknDBq7vzsyHGs9iENbGWPT07PZyPwva6YmOg0yJpLUUEEmH0UpR0ai0eqowxQlhg8sYKKYnRWRHlaYGHsg1x7Bn115HmpHJf+4dHztFcsXMFEe9mAfDsGHEyjDFVSgCgTu4AGe4NmRzqPz4rxOSnPOtGcX/sh5/wFW2ZH5</latexit>

¬S

<latexit sha1_base64="RgYO8w3H4Km6NISskSonYXQ+jXA=">AAAB8nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJFHQjFt24rGgvkIQymU7aoZNJmJkIJfQx3LhQpFvfw70b8W2cXhba+sPAx/+fw5xzwpQzpR3n2yqsrK6tbxQ37a3tnd290v5BUyWZJLRBEp7IdogV5UzQhmaa03YqKY5DTlvh4GaStx6pVCwRD3qY0iDGPcEiRrA2lucL2kM+wRzdd0plp+JMhZbBnUP56sO+TMdfdr1T+vS7CcliKjThWCnPdVId5FhqRjgd2X6maIrJAPeoZ1DgmKogn448QifG6aIokeYJjabu744cx0oN49BUxlj31WI2Mf/LvExHF0HORJppKsjsoyjjSCdosj/qMkmJ5kMDmEhmZkWkjyUm2lzJNkdwF1dehuZZxa1WqndOuXYNMxXhCI7hFFw4hxrcQh0aQCCBJ3iBV0tbz9abNZ6VFqx5zyH8kfX+A7XHk+E=</latexit>

↵([[P ]]) = [[P ]]↵

<latexit sha1_base64="iH/XzpROWqMHA+G6iswVLPB/HOw="></latexit>

[[P ]] ✓ S

<latexit sha1_base64="kuJRPU5C5ot5lqhlwVKHjJnEr7k=">AAACBnicbVDJSgNBEO2JW4zbqEcROgmCIIQZCegx6MVjRLPAzBB6OpWkSc9id48wDDl58QP8CS8eFPHqN3jL39hZDhp9UPB4r4qqen7MmVSWNTZyS8srq2v59cLG5tb2jrm715RRIig0aMQj0faJBM5CaCimOLRjASTwObT84eXEb92DkCwKb1UagxeQfsh6jBKlpY556LhFB9c9t+hhVya+BAV3OHMp4fhm1DHLVsWaAv8l9pyUayX35GlcS+sd88vtRjQJIFSUEykd24qVlxGhGOUwKriJhJjQIemDo2lIApBeNn1jhI+00sW9SOgKFZ6qPycyEkiZBr7uDIgayEVvIv7nOYnqnXsZC+NEQUhni3oJxyrCk0xwlwmgiqeaECqYvhXTARGEKp1cQYdgL778lzRPK3a1Ur3WaVygGfLoAJXQMbLRGaqhK1RHDUTRA3pGr+jNeDRejHfjY9aaM+Yz++gXjM9vQsmauA==</latexit>

Yes

good
bad



ⓒ Giacobazzi

[[P ]]

<latexit sha1_base64="w4Yg3ilzzjL6HJ7e6vKAHL9HGJg=">AAAB8HicbVDLSsNAFL3xWeur6tJN2iIIQkmkoMuiG5cV7EOSUCbTSTt0ZhJmJkII/QpduFDErZ/jrn/j9LHQ1gMXDufcy733hAmjSjvOxFpb39jc2i7sFHf39g8OS0fHbRWnEpMWjlksuyFShFFBWppqRrqJJIiHjHTC0e3U7zwRqWgsHnSWkICjgaARxUgb6dHzy14z8MtBr1R1as4M9ipxF6TaqPgXL5NG1uyVvv1+jFNOhMYMKeW5TqKDHElNMSPjop8qkiA8QgPiGSoQJyrIZweP7TOj9O0olqaEtmfq74kccaUyHppOjvRQLXtT8T/PS3V0HeRUJKkmAs8XRSmzdWxPv7f7VBKsWWYIwpKaW208RBJhbTIqmhDc5ZdXSfuy5tZr9XuTxg3MUYBTqMA5uHAFDbiDJrQAA4dneIN3S1qv1of1OW9dsxYzJ/AH1tcPoeySoA==</latexit>

S

<latexit sha1_base64="xe3tTqjn5ojOylzRbAT5OTbAeVg=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNCNWHTjsqK9QDuUTJppYzPJkGSEMvQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTu5hcWl5ZX8qru2vrG5VdjeqWmZKkKrRHKpGiHWlDNBq4YZThuJojgOOa2H/ctRXr+nSjMpbs0goUGMu4JFjGBjrVqLYI5u2oWiV/LGQvPgT6F4/uGeJW9fbqVd+Gx1JEljKgzhWOum7yUmyLAyjHA6dFuppgkmfdylTYsCx1QH2XjaITqwTgdFUtknDBq7vzsyHGs9iENbGWPT07PZyPwva6YmOg0yJpLUUEEmH0UpR0ai0eqowxQlhg8sYKKYnRWRHlaYGHsg1x7Bn115HmpHJf+4dHztFcsXMFEe9mAfDsGHEyjDFVSgCgTu4AGe4NmRzqPz4rxOSnPOtGcX/sh5/wFW2ZH5</latexit>

¬S

<latexit sha1_base64="RgYO8w3H4Km6NISskSonYXQ+jXA=">AAAB8nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJFHQjFt24rGgvkIQymU7aoZNJmJkIJfQx3LhQpFvfw70b8W2cXhba+sPAx/+fw5xzwpQzpR3n2yqsrK6tbxQ37a3tnd290v5BUyWZJLRBEp7IdogV5UzQhmaa03YqKY5DTlvh4GaStx6pVCwRD3qY0iDGPcEiRrA2lucL2kM+wRzdd0plp+JMhZbBnUP56sO+TMdfdr1T+vS7CcliKjThWCnPdVId5FhqRjgd2X6maIrJAPeoZ1DgmKogn448QifG6aIokeYJjabu744cx0oN49BUxlj31WI2Mf/LvExHF0HORJppKsjsoyjjSCdosj/qMkmJ5kMDmEhmZkWkjyUm2lzJNkdwF1dehuZZxa1WqndOuXYNMxXhCI7hFFw4hxrcQh0aQCCBJ3iBV0tbz9abNZ6VFqx5zyH8kfX+A7XHk+E=</latexit>

↵([[P ]]) = [[P ]]↵

<latexit sha1_base64="iH/XzpROWqMHA+G6iswVLPB/HOw="></latexit>

↵([[P ]]) = [[P ]]↵

<latexit sha1_base64="iH/XzpROWqMHA+G6iswVLPB/HOw="></latexit>

↵([[P ]]) = [[P ]]↵

<latexit sha1_base64="4Vu+67HA8fbmpyBAAvbIQ9PKETU=">AAACE3icbVDLSsNAFJ34rPUVdelm2iJUhZJIQTdC0Y3LCvYBSSyT6bQdOpmEmYkQQv/Bhf6KGxeKuHXjrn/jtOlCWw8MnHvOvdy5x48YlcqyxsbS8srq2npuI7+5tb2za+7tN2UYC0waOGShaPtIEkY5aSiqGGlHgqDAZ6TlD68nfuuBCElDfqeSiHgB6nPaoxgpLXXMExexaIDKjltwYN1zC94xvIRZBXUJvfs0axl1zJJVsaaAi8SekVKt6J4+jWtJvWN+u90QxwHhCjMkpWNbkfJSJBTFjIzybixJhPAQ9YmjKUcBkV46vWkEj7TShb1Q6McVnKq/J1IUSJkEvu4MkBrIeW8i/uc5sepdeCnlUawIx9miXsygCuEkINilgmDFEk0QFlT/FeIBEggrHWNeh2DPn7xImmcVu1qp3uo0rkCGHDgERVAGNjgHNXAD6qABMHgEL+ANvBvPxqvxYXxmrUvGbOYA/IHx9QM2XJ49</latexit>

[[P ]] ✓ S

<latexit sha1_base64="kuJRPU5C5ot5lqhlwVKHjJnEr7k=">AAACBnicbVDJSgNBEO2JW4zbqEcROgmCIIQZCegx6MVjRLPAzBB6OpWkSc9id48wDDl58QP8CS8eFPHqN3jL39hZDhp9UPB4r4qqen7MmVSWNTZyS8srq2v59cLG5tb2jrm715RRIig0aMQj0faJBM5CaCimOLRjASTwObT84eXEb92DkCwKb1UagxeQfsh6jBKlpY556LhFB9c9t+hhVya+BAV3OHMp4fhm1DHLVsWaAv8l9pyUayX35GlcS+sd88vtRjQJIFSUEykd24qVlxGhGOUwKriJhJjQIemDo2lIApBeNn1jhI+00sW9SOgKFZ6qPycyEkiZBr7uDIgayEVvIv7nOYnqnXsZC+NEQUhni3oJxyrCk0xwlwmgiqeaECqYvhXTARGEKp1cQYdgL778lzRPK3a1Ur3WaVygGfLoAJXQMbLRGaqhK1RHDUTRA3pGr+jNeDRejHfjY9aaM+Yz++gXjM9vQsmauA==</latexit>

Yes

good
bad



ⓒ Giacobazzi

[[P ]]

<latexit sha1_base64="w4Yg3ilzzjL6HJ7e6vKAHL9HGJg=">AAAB8HicbVDLSsNAFL3xWeur6tJN2iIIQkmkoMuiG5cV7EOSUCbTSTt0ZhJmJkII/QpduFDErZ/jrn/j9LHQ1gMXDufcy733hAmjSjvOxFpb39jc2i7sFHf39g8OS0fHbRWnEpMWjlksuyFShFFBWppqRrqJJIiHjHTC0e3U7zwRqWgsHnSWkICjgaARxUgb6dHzy14z8MtBr1R1as4M9ipxF6TaqPgXL5NG1uyVvv1+jFNOhMYMKeW5TqKDHElNMSPjop8qkiA8QgPiGSoQJyrIZweP7TOj9O0olqaEtmfq74kccaUyHppOjvRQLXtT8T/PS3V0HeRUJKkmAs8XRSmzdWxPv7f7VBKsWWYIwpKaW208RBJhbTIqmhDc5ZdXSfuy5tZr9XuTxg3MUYBTqMA5uHAFDbiDJrQAA4dneIN3S1qv1of1OW9dsxYzJ/AH1tcPoeySoA==</latexit>

S

<latexit sha1_base64="xe3tTqjn5ojOylzRbAT5OTbAeVg=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNCNWHTjsqK9QDuUTJppYzPJkGSEMvQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTu5hcWl5ZX8qru2vrG5VdjeqWmZKkKrRHKpGiHWlDNBq4YZThuJojgOOa2H/ctRXr+nSjMpbs0goUGMu4JFjGBjrVqLYI5u2oWiV/LGQvPgT6F4/uGeJW9fbqVd+Gx1JEljKgzhWOum7yUmyLAyjHA6dFuppgkmfdylTYsCx1QH2XjaITqwTgdFUtknDBq7vzsyHGs9iENbGWPT07PZyPwva6YmOg0yJpLUUEEmH0UpR0ai0eqowxQlhg8sYKKYnRWRHlaYGHsg1x7Bn115HmpHJf+4dHztFcsXMFEe9mAfDsGHEyjDFVSgCgTu4AGe4NmRzqPz4rxOSnPOtGcX/sh5/wFW2ZH5</latexit>

¬S

<latexit sha1_base64="RgYO8w3H4Km6NISskSonYXQ+jXA=">AAAB8nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJFHQjFt24rGgvkIQymU7aoZNJmJkIJfQx3LhQpFvfw70b8W2cXhba+sPAx/+fw5xzwpQzpR3n2yqsrK6tbxQ37a3tnd290v5BUyWZJLRBEp7IdogV5UzQhmaa03YqKY5DTlvh4GaStx6pVCwRD3qY0iDGPcEiRrA2lucL2kM+wRzdd0plp+JMhZbBnUP56sO+TMdfdr1T+vS7CcliKjThWCnPdVId5FhqRjgd2X6maIrJAPeoZ1DgmKogn448QifG6aIokeYJjabu744cx0oN49BUxlj31WI2Mf/LvExHF0HORJppKsjsoyjjSCdosj/qMkmJ5kMDmEhmZkWkjyUm2lzJNkdwF1dehuZZxa1WqndOuXYNMxXhCI7hFFw4hxrcQh0aQCCBJ3iBV0tbz9abNZ6VFqx5zyH8kfX+A7XHk+E=</latexit>

↵([[P ]]) = [[P ]]↵

<latexit sha1_base64="iH/XzpROWqMHA+G6iswVLPB/HOw="></latexit>

↵([[P ]]) ✓ [[P ]]↵

<latexit sha1_base64="PWKFZyHq28xfHs/wrEvY9mMlH0g=">AAACG3icbVC7SgNBFJ2NrxhfUUubSYIQEcJuCGgZtLGMYB6wu4bZyU0yZPbhzKwQlvyFhY2/YmOhiJVgkb9xkrXQxAMDh3PO5c49XsSZVKY5NTIrq2vrG9nN3Nb2zu5efv+gJcNYUGjSkIei4xEJnAXQVExx6EQCiO9xaHujy5nfvgchWRjcqHEErk8GAeszSpSWuvmqQ3g0JGXbKdi44ToF9wQ7MvYkKLjDqYq1jN3bJI1OuvmSWTHnwMvE+iGletE5fZjWx41u/tPphTT2IVCUEylty4yUmxChGOUwyTmxhIjQERmArWlAfJBuMr9tgo+10sP9UOgXKDxXf08kxJdy7Hs66RM1lIveTPzPs2PVP3cTFkSxgoCmi/oxxyrEs6Jwjwmgio81IVQw/VdMh0QQqnSdOV2CtXjyMmlVK1atUrvWbVygFFl0hIqojCx0huroCjVQE1H0iJ7RK3oznowX4934SKMZ42fmEP2B8fUNSqCiGA==</latexit>

[[P ]] ✓ S

<latexit sha1_base64="kuJRPU5C5ot5lqhlwVKHjJnEr7k=">AAACBnicbVDJSgNBEO2JW4zbqEcROgmCIIQZCegx6MVjRLPAzBB6OpWkSc9id48wDDl58QP8CS8eFPHqN3jL39hZDhp9UPB4r4qqen7MmVSWNTZyS8srq2v59cLG5tb2jrm715RRIig0aMQj0faJBM5CaCimOLRjASTwObT84eXEb92DkCwKb1UagxeQfsh6jBKlpY556LhFB9c9t+hhVya+BAV3OHMp4fhm1DHLVsWaAv8l9pyUayX35GlcS+sd88vtRjQJIFSUEykd24qVlxGhGOUwKriJhJjQIemDo2lIApBeNn1jhI+00sW9SOgKFZ6qPycyEkiZBr7uDIgayEVvIv7nOYnqnXsZC+NEQUhni3oJxyrCk0xwlwmgiqeaECqYvhXTARGEKp1cQYdgL778lzRPK3a1Ur3WaVygGfLoAJXQMbLRGaqhK1RHDUTRA3pGr+jNeDRejHfjY9aaM+Yz++gXjM9vQsmauA==</latexit>

Yes

good
bad



ⓒ Giacobazzi

[[P ]]

<latexit sha1_base64="w4Yg3ilzzjL6HJ7e6vKAHL9HGJg=">AAAB8HicbVDLSsNAFL3xWeur6tJN2iIIQkmkoMuiG5cV7EOSUCbTSTt0ZhJmJkII/QpduFDErZ/jrn/j9LHQ1gMXDufcy733hAmjSjvOxFpb39jc2i7sFHf39g8OS0fHbRWnEpMWjlksuyFShFFBWppqRrqJJIiHjHTC0e3U7zwRqWgsHnSWkICjgaARxUgb6dHzy14z8MtBr1R1as4M9ipxF6TaqPgXL5NG1uyVvv1+jFNOhMYMKeW5TqKDHElNMSPjop8qkiA8QgPiGSoQJyrIZweP7TOj9O0olqaEtmfq74kccaUyHppOjvRQLXtT8T/PS3V0HeRUJKkmAs8XRSmzdWxPv7f7VBKsWWYIwpKaW208RBJhbTIqmhDc5ZdXSfuy5tZr9XuTxg3MUYBTqMA5uHAFDbiDJrQAA4dneIN3S1qv1of1OW9dsxYzJ/AH1tcPoeySoA==</latexit>

S

<latexit sha1_base64="xe3tTqjn5ojOylzRbAT5OTbAeVg=">AAAB7XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRNCNWHTjsqK9QDuUTJppYzPJkGSEMvQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTphwpo3nfTu5hcWl5ZX8qru2vrG5VdjeqWmZKkKrRHKpGiHWlDNBq4YZThuJojgOOa2H/ctRXr+nSjMpbs0goUGMu4JFjGBjrVqLYI5u2oWiV/LGQvPgT6F4/uGeJW9fbqVd+Gx1JEljKgzhWOum7yUmyLAyjHA6dFuppgkmfdylTYsCx1QH2XjaITqwTgdFUtknDBq7vzsyHGs9iENbGWPT07PZyPwva6YmOg0yJpLUUEEmH0UpR0ai0eqowxQlhg8sYKKYnRWRHlaYGHsg1x7Bn115HmpHJf+4dHztFcsXMFEe9mAfDsGHEyjDFVSgCgTu4AGe4NmRzqPz4rxOSnPOtGcX/sh5/wFW2ZH5</latexit>

¬S

<latexit sha1_base64="RgYO8w3H4Km6NISskSonYXQ+jXA=">AAAB8nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJFHQjFt24rGgvkIQymU7aoZNJmJkIJfQx3LhQpFvfw70b8W2cXhba+sPAx/+fw5xzwpQzpR3n2yqsrK6tbxQ37a3tnd290v5BUyWZJLRBEp7IdogV5UzQhmaa03YqKY5DTlvh4GaStx6pVCwRD3qY0iDGPcEiRrA2lucL2kM+wRzdd0plp+JMhZbBnUP56sO+TMdfdr1T+vS7CcliKjThWCnPdVId5FhqRjgd2X6maIrJAPeoZ1DgmKogn448QifG6aIokeYJjabu744cx0oN49BUxlj31WI2Mf/LvExHF0HORJppKsjsoyjjSCdosj/qMkmJ5kMDmEhmZkWkjyUm2lzJNkdwF1dehuZZxa1WqndOuXYNMxXhCI7hFFw4hxrcQh0aQCCBJ3iBV0tbz9abNZ6VFqx5zyH8kfX+A7XHk+E=</latexit>

↵([[P ]]) = [[P ]]↵

<latexit sha1_base64="iH/XzpROWqMHA+G6iswVLPB/HOw="></latexit>

↵([[P ]]) ✓ [[P ]]↵

<latexit sha1_base64="PWKFZyHq28xfHs/wrEvY9mMlH0g=">AAACG3icbVC7SgNBFJ2NrxhfUUubSYIQEcJuCGgZtLGMYB6wu4bZyU0yZPbhzKwQlvyFhY2/YmOhiJVgkb9xkrXQxAMDh3PO5c49XsSZVKY5NTIrq2vrG9nN3Nb2zu5efv+gJcNYUGjSkIei4xEJnAXQVExx6EQCiO9xaHujy5nfvgchWRjcqHEErk8GAeszSpSWuvmqQ3g0JGXbKdi44ToF9wQ7MvYkKLjDqYq1jN3bJI1OuvmSWTHnwMvE+iGletE5fZjWx41u/tPphTT2IVCUEylty4yUmxChGOUwyTmxhIjQERmArWlAfJBuMr9tgo+10sP9UOgXKDxXf08kxJdy7Hs66RM1lIveTPzPs2PVP3cTFkSxgoCmi/oxxyrEs6Jwjwmgio81IVQw/VdMh0QQqnSdOV2CtXjyMmlVK1atUrvWbVygFFl0hIqojCx0huroCjVQE1H0iJ7RK3oznowX4934SKMZ42fmEP2B8fUNSqCiGA==</latexit>

False  
Alarms[[P ]] ✓ S

<latexit sha1_base64="kuJRPU5C5ot5lqhlwVKHjJnEr7k=">AAACBnicbVDJSgNBEO2JW4zbqEcROgmCIIQZCegx6MVjRLPAzBB6OpWkSc9id48wDDl58QP8CS8eFPHqN3jL39hZDhp9UPB4r4qqen7MmVSWNTZyS8srq2v59cLG5tb2jrm715RRIig0aMQj0faJBM5CaCimOLRjASTwObT84eXEb92DkCwKb1UagxeQfsh6jBKlpY556LhFB9c9t+hhVya+BAV3OHMp4fhm1DHLVsWaAv8l9pyUayX35GlcS+sd88vtRjQJIFSUEykd24qVlxGhGOUwKriJhJjQIemDo2lIApBeNn1jhI+00sW9SOgKFZ6qPycyEkiZBr7uDIgayEVvIv7nOYnqnXsZC+NEQUhni3oJxyrCk0xwlwmgiqeaECqYvhXTARGEKp1cQYdgL778lzRPK3a1Ur3WaVygGfLoAJXQMbLRGaqhK1RHDUTRA3pGr+jNeDRejHfjY9aaM+Yz++gXjM9vQsmauA==</latexit>

?

good
bad



ⓒ Giacobazzi



ⓒ Giacobazzi

P ⇠ Q

<latexit sha1_base64="i6vyoEfwh0fjCKoLbN6zUauPgBs=">AAAB7nicbVDLSgNBEOyNrxhfUY+KDAbBU9iNgh6DXjwmYB6QLGF2MpsMmZldZmaFsOToB3jxoIhXPyHf4c1v8CecPA6aWNBQVHXT3RXEnGnjul9OZmV1bX0ju5nb2t7Z3cvvH9R1lChCayTikWoGWFPOJK0ZZjhtxopiEXDaCAa3E7/xQJVmkbw3w5j6AvckCxnBxkqNSlszgaqdfMEtulOgZeLNSaF8PK5+P56MK538Z7sbkURQaQjHWrc8NzZ+ipVhhNNRrp1oGmMywD3aslRiQbWfTs8doTOrdFEYKVvSoKn6eyLFQuuhCGynwKavF72J+J/XSkx47adMxomhkswWhQlHJkKT31GXKUoMH1qCiWL2VkT6WGFibEI5G4K3+PIyqZeK3mXxomrTuIEZsnAEp3AOHlxBGe6gAjUgMIAneIFXJ3aenTfnfdaaceYzh/AHzscPp0OS0w==</latexit>

Program equivalence



ⓒ Giacobazzi

P ⇠ Q

<latexit sha1_base64="i6vyoEfwh0fjCKoLbN6zUauPgBs=">AAAB7nicbVDLSgNBEOyNrxhfUY+KDAbBU9iNgh6DXjwmYB6QLGF2MpsMmZldZmaFsOToB3jxoIhXPyHf4c1v8CecPA6aWNBQVHXT3RXEnGnjul9OZmV1bX0ju5nb2t7Z3cvvH9R1lChCayTikWoGWFPOJK0ZZjhtxopiEXDaCAa3E7/xQJVmkbw3w5j6AvckCxnBxkqNSlszgaqdfMEtulOgZeLNSaF8PK5+P56MK538Z7sbkURQaQjHWrc8NzZ+ipVhhNNRrp1oGmMywD3aslRiQbWfTs8doTOrdFEYKVvSoKn6eyLFQuuhCGynwKavF72J+J/XSkx47adMxomhkswWhQlHJkKT31GXKUoMH1qCiWL2VkT6WGFibEI5G4K3+PIyqZeK3mXxomrTuIEZsnAEp3AOHlxBGe6gAjUgMIAneIFXJ3aenTfnfdaaceYzh/AHzscPp0OS0w==</latexit>

() [[P ]] = [[Q]]

<latexit sha1_base64="5x4HzGMC6wlNP1BL9v87NX5GdZE=">AAACGHicbVDLSgMxFM3Ud31VXbpJK4Ig1BkVdCMU3bhw0YKthZmhZNJMG8wkQ3JHKUW/Qjf+ihsXirh159+YPhZaPRA495x7ubknSgU34LpfTm5qemZ2bn4hv7i0vLJaWFtvGJVpyupUCaWbETFMcMnqwEGwZqoZSSLBrqLrs4F/dcO04UpeQi9lYUI6ksecErBSq7AXXCjZESwGzTtdIFqr2/t77AdFH1dxGBRDfDKqasOqVdhyy+4Q+C/xxmSrUgp2H74qvWqr8Bm0Fc0SJoEKYozvuSmEfaKBU8Hu8kFmWEroNekw31JJEmbC/vCwO7xtlTaOlbZPAh6qPyf6JDGml0S2MyHQNZPeQPzP8zOIj8M+l2kGTNLRojgTGBQepITbXDMKomcJoZrbv2LaJZpQsFnmbQje5Ml/SWO/7B2WD2o2jVM0wjzaRCW0gzx0hCroHFVRHVH0iJ7RK3pznpwX5935GLXmnPHMBvoF5/MbYjihAA==</latexit>

Program equivalence



ⓒ Giacobazzi

P ⇠ Q

<latexit sha1_base64="i6vyoEfwh0fjCKoLbN6zUauPgBs=">AAAB7nicbVDLSgNBEOyNrxhfUY+KDAbBU9iNgh6DXjwmYB6QLGF2MpsMmZldZmaFsOToB3jxoIhXPyHf4c1v8CecPA6aWNBQVHXT3RXEnGnjul9OZmV1bX0ju5nb2t7Z3cvvH9R1lChCayTikWoGWFPOJK0ZZjhtxopiEXDaCAa3E7/xQJVmkbw3w5j6AvckCxnBxkqNSlszgaqdfMEtulOgZeLNSaF8PK5+P56MK538Z7sbkURQaQjHWrc8NzZ+ipVhhNNRrp1oGmMywD3aslRiQbWfTs8doTOrdFEYKVvSoKn6eyLFQuuhCGynwKavF72J+J/XSkx47adMxomhkswWhQlHJkKT31GXKUoMH1qCiWL2VkT6WGFibEI5G4K3+PIyqZeK3mXxomrTuIEZsnAEp3AOHlxBGe6gAjUgMIAneIFXJ3aenTfnfdaaceYzh/AHzscPp0OS0w==</latexit>

() [[P ]] = [[Q]]

<latexit sha1_base64="5x4HzGMC6wlNP1BL9v87NX5GdZE=">AAACGHicbVDLSgMxFM3Ud31VXbpJK4Ig1BkVdCMU3bhw0YKthZmhZNJMG8wkQ3JHKUW/Qjf+ihsXirh159+YPhZaPRA495x7ubknSgU34LpfTm5qemZ2bn4hv7i0vLJaWFtvGJVpyupUCaWbETFMcMnqwEGwZqoZSSLBrqLrs4F/dcO04UpeQi9lYUI6ksecErBSq7AXXCjZESwGzTtdIFqr2/t77AdFH1dxGBRDfDKqasOqVdhyy+4Q+C/xxmSrUgp2H74qvWqr8Bm0Fc0SJoEKYozvuSmEfaKBU8Hu8kFmWEroNekw31JJEmbC/vCwO7xtlTaOlbZPAh6qPyf6JDGml0S2MyHQNZPeQPzP8zOIj8M+l2kGTNLRojgTGBQepITbXDMKomcJoZrbv2LaJZpQsFnmbQje5Ml/SWO/7B2WD2o2jVM0wjzaRCW0gzx0hCroHFVRHVH0iJ7RK3pznpwX5935GLXmnPHMBvoF5/MbYjihAA==</latexit>

↵

<latexit sha1_base64="0jzr7aOjnHLyDQXlTsr65957ovU=">AAACGHicdVBLSwMxGMzWV62vqkcvoUUQlLq7trTHohePFewDdpeSTbNtaPZBkhXK0n+hF/+KFw+KeO2t/8Zs2wUVHQgMM/MlX8aNGBVS1+dabm19Y3Mrv13Y2d3bPygeHnVEGHNM2jhkIe+5SBBGA9KWVDLSizhBvstI1x3fpH73gXBBw+BeTiLi+GgYUI9iJJXUL14m9uISiw9dJ9ErdbNRqzYu9Iq+QEoMs27WpjZi0QhN+8VyFoJZCGYhaKyUcrNknz/Om5NWvzizByGOfRJIzJAQlqFH0kkQlxQzMi3YsSARwmM0JJaiAfKJcJLFTlN4qpQB9EKuTiDhQv0+kSBfiInvqqSP5Ej89lLxL8+KpddwEhpEsSQBXj7kxQzKEKYtwQHlBEs2UQRhTtWuEI8QR1iqLguqhOyn8H/SMStGtXJ1p9q4BkvkwQkogTNggDpoglvQAm2AwRN4AW/gXXvWXrUP7XMZzWmrmWPwA9rsC+bFn4o=</latexit>

↵

<latexit sha1_base64="0jzr7aOjnHLyDQXlTsr65957ovU=">AAACGHicdVBLSwMxGMzWV62vqkcvoUUQlLq7trTHohePFewDdpeSTbNtaPZBkhXK0n+hF/+KFw+KeO2t/8Zs2wUVHQgMM/MlX8aNGBVS1+dabm19Y3Mrv13Y2d3bPygeHnVEGHNM2jhkIe+5SBBGA9KWVDLSizhBvstI1x3fpH73gXBBw+BeTiLi+GgYUI9iJJXUL14m9uISiw9dJ9ErdbNRqzYu9Iq+QEoMs27WpjZi0QhN+8VyFoJZCGYhaKyUcrNknz/Om5NWvzizByGOfRJIzJAQlqFH0kkQlxQzMi3YsSARwmM0JJaiAfKJcJLFTlN4qpQB9EKuTiDhQv0+kSBfiInvqqSP5Ej89lLxL8+KpddwEhpEsSQBXj7kxQzKEKYtwQHlBEs2UQRhTtWuEI8QR1iqLguqhOyn8H/SMStGtXJ1p9q4BkvkwQkogTNggDpoglvQAm2AwRN4AW/gXXvWXrUP7XMZzWmrmWPwA9rsC+bFn4o=</latexit>

?

Program equivalence
by 

Abstract Interpreters?



ⓒ Giacobazzi

x := 10;
while 
   (x>0)

{ 
  x := x-1 
};

x := 10;
while 
   (x>1)

{ 
  x := x-2 
};

{ x int }

{ x = 0 }

{ x int }

{ x = 0 }

⇠

<latexit sha1_base64="HlfA/F51gPwA1GwBMZ+v/OpZ/Kg=">AAAB7HicbZDNSgMxFIXv+FvHv6pLN8EiuCozKuhGLLpxWcFpC+1QMmmmDU0yQ5IRSukzuHGhiCvBV3HvRnwbM20X2nog8HHOveTeG6WcaeN5387C4tLyymphzV3f2NzaLu7s1nSSKUIDkvBENSKsKWeSBoYZThupolhEnNaj/nWe1++p0iyRd2aQ0lDgrmQxI9hYK2hpJtx2seSVvbHQPPhTKF1+uBfp25dbbRc/W52EZIJKQzjWuul7qQmHWBlGOB25rUzTFJM+7tKmRYkF1eFwPOwIHVqng+JE2ScNGru/O4ZYaD0Qka0U2PT0bJab/2XNzMTn4ZDJNDNUkslHccaRSVC+OeowRYnhAwuYKGZnRaSHFSbG3ic/gj+78jzUjsv+afnk1itVrmCiAuzDARyBD2dQgRuoQgAEGDzAEzw70nl0XpzXSemCM+3Zgz9y3n8AtuGRng==</latexit>



ⓒ Giacobazzi

x := 10;
while 
   (x>0)

{ 
  x := x-1 
};

x := 10;
while 
   (x>1)

{ 
  x := x-2 
};

{ x int }

{ x = 0 }

{ x int }

{ x = 0 }

[0,10]

[0,10]

⇠

<latexit sha1_base64="HlfA/F51gPwA1GwBMZ+v/OpZ/Kg=">AAAB7HicbZDNSgMxFIXv+FvHv6pLN8EiuCozKuhGLLpxWcFpC+1QMmmmDU0yQ5IRSukzuHGhiCvBV3HvRnwbM20X2nog8HHOveTeG6WcaeN5387C4tLyymphzV3f2NzaLu7s1nSSKUIDkvBENSKsKWeSBoYZThupolhEnNaj/nWe1++p0iyRd2aQ0lDgrmQxI9hYK2hpJtx2seSVvbHQPPhTKF1+uBfp25dbbRc/W52EZIJKQzjWuul7qQmHWBlGOB25rUzTFJM+7tKmRYkF1eFwPOwIHVqng+JE2ScNGru/O4ZYaD0Qka0U2PT0bJab/2XNzMTn4ZDJNDNUkslHccaRSVC+OeowRYnhAwuYKGZnRaSHFSbG3ic/gj+78jzUjsv+afnk1itVrmCiAuzDARyBD2dQgRuoQgAEGDzAEzw70nl0XpzXSemCM+3Zgz9y3n8AtuGRng==</latexit>



ⓒ Giacobazzi

x := 10;
while 
   (x>0)

{ 
  x := x-1 
};

x := 10;
while 
   (x>1)

{ 
  x := x-2 
};

{ x int }

{ x = 0 }

{ x int }

{ x = 0 }

[0,10]

[0,10] ⋀ (x ≤ 1) = { x ∈ [0,1] }

⋀ (x ≤ 0) = { x ∈ [0,0] }

⇠

<latexit sha1_base64="HlfA/F51gPwA1GwBMZ+v/OpZ/Kg=">AAAB7HicbZDNSgMxFIXv+FvHv6pLN8EiuCozKuhGLLpxWcFpC+1QMmmmDU0yQ5IRSukzuHGhiCvBV3HvRnwbM20X2nog8HHOveTeG6WcaeN5387C4tLyymphzV3f2NzaLu7s1nSSKUIDkvBENSKsKWeSBoYZThupolhEnNaj/nWe1++p0iyRd2aQ0lDgrmQxI9hYK2hpJtx2seSVvbHQPPhTKF1+uBfp25dbbRc/W52EZIJKQzjWuul7qQmHWBlGOB25rUzTFJM+7tKmRYkF1eFwPOwIHVqng+JE2ScNGru/O4ZYaD0Qka0U2PT0bJab/2XNzMTn4ZDJNDNUkslHccaRSVC+OeowRYnhAwuYKGZnRaSHFSbG3ic/gj+78jzUjsv+afnk1itVrmCiAuzDARyBD2dQgRuoQgAEGDzAEzw70nl0XpzXSemCM+3Zgz9y3n8AtuGRng==</latexit>

6⇠

<latexit sha1_base64="c/XUuBThfMwjuSpIhLGp1nK0avQ=">AAAB8HicdVBNS0JBFJ1nX2ZlVstaDEnQSt4zRZdim5YG+RE+kXnjqIPz8ZiZF8jDX9GmRRFt+wX9jnb9kxYtmqcGFXXgwuGce7n3niBkVBvXfXNSK6tr6xvpzczW9k52N7e339IyUpg0sWRSdQKkCaOCNA01jHRCRRAPGGkHk/PEb98QpakUV2Yakh5HI0GHFCNjpWtfSONryjP9XN4tVIrVcqkK3YI7R0K8YqVYht5SydeOXurux3u20c+9+gOJI06EwQxp3fXc0PRipAzFjMwyfqRJiPAEjUjXUoE40b14fvAMnlhlAIdS2RIGztXvEzHiWk95YDs5MmP920vEv7xuZIbVXkxFGBki8GLRMGLQSJh8DwdUEWzY1BKEFbW3QjxGCmFjM0pC+PoU/k9axYJXKpxd2jTqYIE0OATH4BR4oAJq4AI0QBNgwMEtuAcPjnLunEfnadGacpYzB+AHnOdPiEaT7Q==</latexit>

↵([[P ]]) = [[P ]]↵

<latexit sha1_base64="4Vu+67HA8fbmpyBAAvbIQ9PKETU=">AAACE3icbVDLSsNAFJ34rPUVdelm2iJUhZJIQTdC0Y3LCvYBSSyT6bQdOpmEmYkQQv/Bhf6KGxeKuHXjrn/jtOlCWw8MnHvOvdy5x48YlcqyxsbS8srq2npuI7+5tb2za+7tN2UYC0waOGShaPtIEkY5aSiqGGlHgqDAZ6TlD68nfuuBCElDfqeSiHgB6nPaoxgpLXXMExexaIDKjltwYN1zC94xvIRZBXUJvfs0axl1zJJVsaaAi8SekVKt6J4+jWtJvWN+u90QxwHhCjMkpWNbkfJSJBTFjIzybixJhPAQ9YmjKUcBkV46vWkEj7TShb1Q6McVnKq/J1IUSJkEvu4MkBrIeW8i/uc5sepdeCnlUawIx9miXsygCuEkINilgmDFEk0QFlT/FeIBEggrHWNeh2DPn7xImmcVu1qp3uo0rkCGHDgERVAGNjgHNXAD6qABMHgEL+ANvBvPxqvxYXxmrUvGbOYA/IHx9QM2XJ49</latexit>

↵([[P ]]) ⇢ [[P ]]↵

<latexit sha1_base64="jHtOurBQwS30Ch3235cikV322+o=">AAACGXicbVDLSsNAFJ34rPUVdelm2iJUhJJIQZdFNy4r2AcksUymk3boZBJmJkII/Qtx46+4caGIS131b5w2XWjrgYHDOedy5x4/ZlQqy5oYK6tr6xubha3i9s7u3r55cNiWUSIwaeGIRaLrI0kY5aSlqGKkGwuCQp+Rjj+6nvqdByIkjfidSmPihWjAaUAxUlrqmZaLWDxEVcctObDpuSXvFLoy8SVRMNegFqF3n+XBcc+sWDVrBrhM7DmpNMru2eOkkTZ75pfbj3ASEq4wQ1I6thUrL0NCUczIuOgmksQIj9CAOJpyFBLpZbPLxvBEK30YREI/ruBM/T2RoVDKNPR1MkRqKBe9qfif5yQquPQyyuNEEY7zRUHCoIrgtCbYp4JgxVJNEBZU/xXiIRIIK11mUZdgL568TNrnNbteq9/qNq5AjgI4BmVQBTa4AA1wA5qgBTB4Ai/gDbwbz8ar8WF85tEVYz5zBP7A+P4Bl1+hLg==</latexit>



ⓒ Giacobazzi

x := 10;
while 
   (x>0)

{ 
  x := x-1 
};

x := 10;
while 
   (x>1)

{ 
  x := x-2 
};

{ x int }

{ x = 0 }

{ x int }

{ x = 0 }

[0,10]

[0,10] ⋀ (x ≤ 1) = { x ∈ [0,1] }

⋀ (x ≤ 0) = { x ∈ [0,0] }

⇠

<latexit sha1_base64="HlfA/F51gPwA1GwBMZ+v/OpZ/Kg=">AAAB7HicbZDNSgMxFIXv+FvHv6pLN8EiuCozKuhGLLpxWcFpC+1QMmmmDU0yQ5IRSukzuHGhiCvBV3HvRnwbM20X2nog8HHOveTeG6WcaeN5387C4tLyymphzV3f2NzaLu7s1nSSKUIDkvBENSKsKWeSBoYZThupolhEnNaj/nWe1++p0iyRd2aQ0lDgrmQxI9hYK2hpJtx2seSVvbHQPPhTKF1+uBfp25dbbRc/W52EZIJKQzjWuul7qQmHWBlGOB25rUzTFJM+7tKmRYkF1eFwPOwIHVqng+JE2ScNGru/O4ZYaD0Qka0U2PT0bJab/2XNzMTn4ZDJNDNUkslHccaRSVC+OeowRYnhAwuYKGZnRaSHFSbG3ic/gj+78jzUjsv+afnk1itVrmCiAuzDARyBD2dQgRuoQgAEGDzAEzw70nl0XpzXSemCM+3Zgz9y3n8AtuGRng==</latexit>
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ⓒ Giacobazzi

x := -9;
while 
   (x<0)

{ 
  x := x+2 
};

x := 10;
while 
   (x>1)

{ 
  x := x-2 
};

{ x int }

{ x = 1 }

{ x int }

{ x = 0 }

6⇠
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ⓒ Giacobazzi
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while 
   (x<0)

{ 
  x := x+2 
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x := 10;
while 
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{ 
  x := x-2 
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{ x int }

{ x = 1 }

{ x int }

{ x = 0 }

[-9,1]

[0,10]
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ⓒ Giacobazzi

x := -9;
while 
   (x<0)

{ 
  x := x+2 
};

x := 10;
while 
   (x>1)

{ 
  x := x-2 
};

{ x int }

{ x = 1 }

{ x int }

{ x = 0 }

[-9,1]

[0,10] ⋀ (x ≤ 1) = { x ∈ [0,1] }

⋀ (x ≥ 0) = { x ∈ [0,1] }
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x := -9;
while 
   (x<0)

{ 
  x := x+2 
};

x := 10;
while 
   (x>1)

{ 
  x := x-2 
};

{ x int }

{ x = 1 }

{ x int }

{ x = 0 }

[-9,1]

[0,10] ⋀ (x ≤ 1) = { x ∈ [0,1] }

⋀ (x ≥ 0) = { x ∈ [0,1] }
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ⓒ Giacobazzi

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n
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total recursive function g : Imp ⇥ Imp�!Imp such that for any
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re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.
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Denote I
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. There-
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such that n  HSI and there-
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for some S 2 I
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we have  (P, S) = JP
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K(S) and therefore Jg(R,P )K =
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K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:
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K(S) if JP K({HP I})#HSI
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):
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reduction of K to C↵, which is denoted K �m C↵, and means
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that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:
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JQabcK(S) otherwise

Submission for POPL 2015 5 2014/7/17

On Completeness Classes

All Programs

<latexit sha1_base64="5ACiq3v68EZ0QjjnlT4Kanz4rys=">AAAB/HicbVDLSgMxFM34rPU12qUiwSK4KjNS0GXVjcsW7APaoWTStA3NY0gy4jDUnd/hxoUibqXf4c5v8CdMHwttPRA4nHMv9+SEEaPaeN6Xs7S8srq2ntnIbm5t7+y6e/s1LWOFSRVLJlUjRJowKkjVUMNII1IE8ZCReji4Hvv1O6I0leLWJBEJOOoJ2qUYGSu13VyLh/I+vWQMlpXsKcT1sO3mvYI3AVwk/ozkS4ejyvfj0ajcdj9bHYljToTBDGnd9L3IBClShmJGhtlWrEmE8AD1SNNSgTjRQToJP4QnVunArlT2CQMn6u+N1EbSCQ/tJEemr+e9sfif14xN9yJIqYhiQwSeHurGDBoJx03ADlUEG5ZYgrCiNivEfaQQNravrC3Bn//yIqmdFfxioVixbVyBKTLgAByDU+CDc1ACN6AMqgCDBDyBF/DqPDjPzpvzPh1dcmY7OfAHzscP57OYpQ==</latexit>

POPL2015



ⓒ Giacobazzi

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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typical elements ⇢. If |Var(P )| = n then ⌃ is also represented as a
set of n-tuples of values, i.e., ⌃ = Vn.

The functions JaK : ⌃ �!Z and JbK : ⌃ �!{f , t} respec-
tively denote the semantics of expressions and predicates in a given
state ⇢ 2 ⌃. The function L b M : }(⌃)�!}(⌃) lifts the semantics
of predicates to sets of states S 2 }(⌃) in the natural way:

L b MS
def
= {⇢ 2 S | JbK⇢ = t}.

We define the reachable states denotational semantics JC K :
}(⌃)�!}(⌃) as:

JskipKS
def
= S

Jx := aKS
def
= {⇢[x 7! JaK⇢] | ⇢ 2 S}

JC1 ;C2 KS
def
= JC2 K(JC1 KS)

Jif b then C KS
def
= JC KL b MS [ L¬b MS

Jwhile b do C KS
def
= L¬b M

�
lfp(�T. S [ JC KL b MT )

�
.

Note that for an always non-terminating program P , for any set
of states S we have JP K = ?. In the following we will always
assume recursive enumerable sets of states in }(⌃) as arguments
of semantic functions.

The best correct denotational semantics is defined for any
generic abstraction A 2 Abs(}(⌃)) such that A = ↵(⌃). We
first define the best correct transfer function for predicates on A:
L b M

↵ : A�!A, such that for any S 2 A:

L b M
↵
S = ↵(

�
⇢ 2 S

�� JbK⇢ = t
 
)

The generic abstract denotational semantics JC K
↵ : A�!A is

derived as the best correct approximation of the concrete semantics
by composing abstract transfer functions and by approximating
concrete disjunctions of stores through their join in the abstract
lattice A. Let S 2 A:

JskipK
↵
S

def
= S

Jx := aK
↵
S

def
= ↵({⇢[x 7! JaK⇢] | ⇢ 2 S})

JC1 ;C2 K
↵
S

def
= JC2 K

↵(JC1 K
↵
S)

Jif b then C K
↵
S

def
= L¬b M

↵
S t JC K

↵(L b M
↵
S)

Jwhile b do C K
↵
S

def
= L¬b M

↵�
lfp(�X.↵(S) t JC K

↵
L b M

↵
X)

�

In the abstract fixpoint computation for a while-loop, standard
static analyzers replace the lub t with a widening operator r to
accelerate or force the convergence of the iterations [4]. These
analyses are not in the scope of the present paper.

4. The class of complete abstractions

Following the standard definitions in abstract interpretation (cf.
[4, 5]), an abstraction A = ↵(}(⌃)) is complete for a program
C 2 Imp when for all set of stores S 2 }(⌃):

↵(JC KS) = JC K
↵
↵(S).

The abstraction ↵ is complete for a Boolean test b when:

↵(L b MS) = L b M
↵
↵(S)).

Given a program P , checking whether the abstraction ↵ is complete
for P by computing the completeness shell or core of ↵, as intro-
duced in [13], is often too complex: the refinement indeed generates
an abstract domain which is complete for all programs involving
the syntactic objects in P and for all possible query. This makes the
complete shell/core transformations a global domain-theoretic tool
which is too strong for attacking questions conceding the behavior
of an analysis on a given program. This can be better explained by
introducing the notion of program query.

4.1 Program Queries

The goal of a static analysis/verification tool is to soundly answer
some question on the dynamic (concrete) execution of the program.
For instance, common queries to static analysis tools are: “is this
variable not-null?”, “Is this variable non-negative?”, “Does this
loop ever terminate?”. The first two are examples of safety prop-
erties, the third of a liveness property. Here, we focus on safety
properties. Given a program P , a set of initial states I ✓ ⌃, and a
predicate/query q we are interested to know whether the final states
satisfy the query, i.e., whether the following formula holds:

8⇢0 2 I, ⇢1 2 ⌃. JP K(⇢0) = ⇢1 =) JqK⇢1 = t.

or equivalently whether JP K(I) ✓ L q M(JP K(I)). However, we
cannot decide it for each possible query. Therefore, we need to
over-approximate the collecting semantics JP K with JP K

↵ and to
under-approximate L q M(JP K(I)). In general the abstract domains
used for the two approximations may be different, this is for in-
stance the case when a numerical abstract domain (e.g., intervals,
Octagons) is used to infer variable bounds and an SMT solver is
used to check the absence of buffer overruns. Here we are interested
in the case where there is no under-approximation of the query, that
is we require: (i) the two abstract domains to coincide; and (ii) the
query to be exactly represented in the abstract domain. For instance
the query x � y ^ y � 0 is exactly represented with octagons but
not with intervals — the best approximation with intervals being
x � 0 ^ y � 0.

The key observation is that if the query is exactly representable
in the abstract domain and the abstract semantics for a program P
is complete, then answering the question in the abstract is the same
as answering it in the concrete, i.e., no imprecision (for the given
program) is introduced by the abstraction. This is summarized by
the following lemma, which comes straight from the definitions.

LEMMA 4.1. If q is a query and P a program such that ↵(JP K) =
JP K

↵ then JP K(I) ✓ L q M(JP K(I)) iff JP K
↵
I v L q M

↵(JP K
↵(I)).

4.2 Classes of Completeness

From Lemma 4.1 it follows that the abstract interpretation designer
has only to focus on the set of programs that are complete for the
property of interest expressed in an abstract domain A. The same
notion can be defined for predicates and expressions. We call these
sets the class of completeness for A:

DEFINITION 4.2 (Completeness classes). Given an abstract do-
main A 2 Abs(}(⌃)) such that A = ↵(}(⌃)), the class of all
programs for which the abstract interpretation in A is complete is:

C↵
def
=

�
P 2 Imp

�� ↵(JP K) = JP K
↵

 

Similarly we can define a completeness class of all Boolean expres-
sions.

E↵
def
=

�
q 2 ImpExp

�� ↵(L q M) = L q M
↵  

.

Roughly, the class of completeness of a programming language
defines the set of all programs for which a given abstraction will
never produce false alarms. This is a property of programs with
respect to the given abstraction. It is worth noting that this property
is infinite and not extensional (cf. [22]). It is infinite because for
any abstraction ↵ which is a computable function: |C↵| = !.
This can be proved by a straightforward padding argument and by
observing that skip 2 C↵ for any ↵. It is not extensional because
there exist P,Q 2 Imp such that: P is complete for ↵, JP K =
JQK, and Q is not complete for ↵. This phenomenon is known
in programs analysis (e.g., see [17]) where semantics preserving
program transformations may loose precision of analyses.
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�
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assume recursive enumerable sets of states in }(⌃) as arguments
of semantic functions.

The best correct denotational semantics is defined for any
generic abstraction A 2 Abs(}(⌃)) such that A = ↵(⌃). We
first define the best correct transfer function for predicates on A:
L b M

↵ : A�!A, such that for any S 2 A:

L b M
↵
S = ↵(

�
⇢ 2 S

�� JbK⇢ = t
 
)

The generic abstract denotational semantics JC K
↵ : A�!A is

derived as the best correct approximation of the concrete semantics
by composing abstract transfer functions and by approximating
concrete disjunctions of stores through their join in the abstract
lattice A. Let S 2 A:

JskipK
↵
S

def
= S

Jx := aK
↵
S

def
= ↵({⇢[x 7! JaK⇢] | ⇢ 2 S})

JC1 ;C2 K
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In the abstract fixpoint computation for a while-loop, standard
static analyzers replace the lub t with a widening operator r to
accelerate or force the convergence of the iterations [4]. These
analyses are not in the scope of the present paper.

4. The class of complete abstractions

Following the standard definitions in abstract interpretation (cf.
[4, 5]), an abstraction A = ↵(}(⌃)) is complete for a program
C 2 Imp when for all set of stores S 2 }(⌃):

↵(JC KS) = JC K
↵
↵(S).

The abstraction ↵ is complete for a Boolean test b when:

↵(L b MS) = L b M
↵
↵(S)).

Given a program P , checking whether the abstraction ↵ is complete
for P by computing the completeness shell or core of ↵, as intro-
duced in [13], is often too complex: the refinement indeed generates
an abstract domain which is complete for all programs involving
the syntactic objects in P and for all possible query. This makes the
complete shell/core transformations a global domain-theoretic tool
which is too strong for attacking questions conceding the behavior
of an analysis on a given program. This can be better explained by
introducing the notion of program query.

4.1 Program Queries

The goal of a static analysis/verification tool is to soundly answer
some question on the dynamic (concrete) execution of the program.
For instance, common queries to static analysis tools are: “is this
variable not-null?”, “Is this variable non-negative?”, “Does this
loop ever terminate?”. The first two are examples of safety prop-
erties, the third of a liveness property. Here, we focus on safety
properties. Given a program P , a set of initial states I ✓ ⌃, and a
predicate/query q we are interested to know whether the final states
satisfy the query, i.e., whether the following formula holds:

8⇢0 2 I, ⇢1 2 ⌃. JP K(⇢0) = ⇢1 =) JqK⇢1 = t.

or equivalently whether JP K(I) ✓ L q M(JP K(I)). However, we
cannot decide it for each possible query. Therefore, we need to
over-approximate the collecting semantics JP K with JP K

↵ and to
under-approximate L q M(JP K(I)). In general the abstract domains
used for the two approximations may be different, this is for in-
stance the case when a numerical abstract domain (e.g., intervals,
Octagons) is used to infer variable bounds and an SMT solver is
used to check the absence of buffer overruns. Here we are interested
in the case where there is no under-approximation of the query, that
is we require: (i) the two abstract domains to coincide; and (ii) the
query to be exactly represented in the abstract domain. For instance
the query x � y ^ y � 0 is exactly represented with octagons but
not with intervals — the best approximation with intervals being
x � 0 ^ y � 0.

The key observation is that if the query is exactly representable
in the abstract domain and the abstract semantics for a program P
is complete, then answering the question in the abstract is the same
as answering it in the concrete, i.e., no imprecision (for the given
program) is introduced by the abstraction. This is summarized by
the following lemma, which comes straight from the definitions.

LEMMA 4.1. If q is a query and P a program such that ↵(JP K) =
JP K

↵ then JP K(I) ✓ L q M(JP K(I)) iff JP K
↵
I v L q M

↵(JP K
↵(I)).

4.2 Classes of Completeness

From Lemma 4.1 it follows that the abstract interpretation designer
has only to focus on the set of programs that are complete for the
property of interest expressed in an abstract domain A. The same
notion can be defined for predicates and expressions. We call these
sets the class of completeness for A:

DEFINITION 4.2 (Completeness classes). Given an abstract do-
main A 2 Abs(}(⌃)) such that A = ↵(}(⌃)), the class of all
programs for which the abstract interpretation in A is complete is:

C↵
def
=

�
P 2 Imp

�� ↵(JP K) = JP K
↵

 

Similarly we can define a completeness class of all Boolean expres-
sions.

E↵
def
=

�
q 2 ImpExp

�� ↵(L q M) = L q M
↵  

.

Roughly, the class of completeness of a programming language
defines the set of all programs for which a given abstraction will
never produce false alarms. This is a property of programs with
respect to the given abstraction. It is worth noting that this property
is infinite and not extensional (cf. [22]). It is infinite because for
any abstraction ↵ which is a computable function: |C↵| = !.
This can be proved by a straightforward padding argument and by
observing that skip 2 C↵ for any ↵. It is not extensional because
there exist P,Q 2 Imp such that: P is complete for ↵, JP K =
JQK, and Q is not complete for ↵. This phenomenon is known
in programs analysis (e.g., see [17]) where semantics preserving
program transformations may loose precision of analyses.
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Note that for an always non-terminating program P , for any set
of states S we have JP K = ?. In the following we will always
assume recursive enumerable sets of states in }(⌃) as arguments
of semantic functions.

The best correct denotational semantics is defined for any
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In the abstract fixpoint computation for a while-loop, standard
static analyzers replace the lub t with a widening operator r to
accelerate or force the convergence of the iterations [4]. These
analyses are not in the scope of the present paper.
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Following the standard definitions in abstract interpretation (cf.
[4, 5]), an abstraction A = ↵(}(⌃)) is complete for a program
C 2 Imp when for all set of stores S 2 }(⌃):

↵(JC KS) = JC K
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↵(S).

The abstraction ↵ is complete for a Boolean test b when:

↵(L b MS) = L b M
↵
↵(S)).

Given a program P , checking whether the abstraction ↵ is complete
for P by computing the completeness shell or core of ↵, as intro-
duced in [13], is often too complex: the refinement indeed generates
an abstract domain which is complete for all programs involving
the syntactic objects in P and for all possible query. This makes the
complete shell/core transformations a global domain-theoretic tool
which is too strong for attacking questions conceding the behavior
of an analysis on a given program. This can be better explained by
introducing the notion of program query.

4.1 Program Queries

The goal of a static analysis/verification tool is to soundly answer
some question on the dynamic (concrete) execution of the program.
For instance, common queries to static analysis tools are: “is this
variable not-null?”, “Is this variable non-negative?”, “Does this
loop ever terminate?”. The first two are examples of safety prop-
erties, the third of a liveness property. Here, we focus on safety
properties. Given a program P , a set of initial states I ✓ ⌃, and a
predicate/query q we are interested to know whether the final states
satisfy the query, i.e., whether the following formula holds:
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Octagons) is used to infer variable bounds and an SMT solver is
used to check the absence of buffer overruns. Here we are interested
in the case where there is no under-approximation of the query, that
is we require: (i) the two abstract domains to coincide; and (ii) the
query to be exactly represented in the abstract domain. For instance
the query x � y ^ y � 0 is exactly represented with octagons but
not with intervals — the best approximation with intervals being
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The key observation is that if the query is exactly representable
in the abstract domain and the abstract semantics for a program P
is complete, then answering the question in the abstract is the same
as answering it in the concrete, i.e., no imprecision (for the given
program) is introduced by the abstraction. This is summarized by
the following lemma, which comes straight from the definitions.
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4.2 Classes of Completeness

From Lemma 4.1 it follows that the abstract interpretation designer
has only to focus on the set of programs that are complete for the
property of interest expressed in an abstract domain A. The same
notion can be defined for predicates and expressions. We call these
sets the class of completeness for A:

DEFINITION 4.2 (Completeness classes). Given an abstract do-
main A 2 Abs(}(⌃)) such that A = ↵(}(⌃)), the class of all
programs for which the abstract interpretation in A is complete is:
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Roughly, the class of completeness of a programming language
defines the set of all programs for which a given abstraction will
never produce false alarms. This is a property of programs with
respect to the given abstraction. It is worth noting that this property
is infinite and not extensional (cf. [22]). It is infinite because for
any abstraction ↵ which is a computable function: |C↵| = !.
This can be proved by a straightforward padding argument and by
observing that skip 2 C↵ for any ↵. It is not extensional because
there exist P,Q 2 Imp such that: P is complete for ↵, JP K =
JQK, and Q is not complete for ↵. This phenomenon is known
in programs analysis (e.g., see [17]) where semantics preserving
program transformations may loose precision of analyses.
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In the abstract fixpoint computation for a while-loop, standard
static analyzers replace the lub t with a widening operator r to
accelerate or force the convergence of the iterations [4]. These
analyses are not in the scope of the present paper.

4. The class of complete abstractions

Following the standard definitions in abstract interpretation (cf.
[4, 5]), an abstraction A = ↵(}(⌃)) is complete for a program
C 2 Imp when for all set of stores S 2 }(⌃):

↵(JC KS) = JC K
↵
↵(S).

The abstraction ↵ is complete for a Boolean test b when:

↵(L b MS) = L b M
↵
↵(S)).

Given a program P , checking whether the abstraction ↵ is complete
for P by computing the completeness shell or core of ↵, as intro-
duced in [13], is often too complex: the refinement indeed generates
an abstract domain which is complete for all programs involving
the syntactic objects in P and for all possible query. This makes the
complete shell/core transformations a global domain-theoretic tool
which is too strong for attacking questions conceding the behavior
of an analysis on a given program. This can be better explained by
introducing the notion of program query.

4.1 Program Queries

The goal of a static analysis/verification tool is to soundly answer
some question on the dynamic (concrete) execution of the program.
For instance, common queries to static analysis tools are: “is this
variable not-null?”, “Is this variable non-negative?”, “Does this
loop ever terminate?”. The first two are examples of safety prop-
erties, the third of a liveness property. Here, we focus on safety
properties. Given a program P , a set of initial states I ✓ ⌃, and a
predicate/query q we are interested to know whether the final states
satisfy the query, i.e., whether the following formula holds:
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or equivalently whether JP K(I) ✓ L q M(JP K(I)). However, we
cannot decide it for each possible query. Therefore, we need to
over-approximate the collecting semantics JP K with JP K

↵ and to
under-approximate L q M(JP K(I)). In general the abstract domains
used for the two approximations may be different, this is for in-
stance the case when a numerical abstract domain (e.g., intervals,
Octagons) is used to infer variable bounds and an SMT solver is
used to check the absence of buffer overruns. Here we are interested
in the case where there is no under-approximation of the query, that
is we require: (i) the two abstract domains to coincide; and (ii) the
query to be exactly represented in the abstract domain. For instance
the query x � y ^ y � 0 is exactly represented with octagons but
not with intervals — the best approximation with intervals being
x � 0 ^ y � 0.

The key observation is that if the query is exactly representable
in the abstract domain and the abstract semantics for a program P
is complete, then answering the question in the abstract is the same
as answering it in the concrete, i.e., no imprecision (for the given
program) is introduced by the abstraction. This is summarized by
the following lemma, which comes straight from the definitions.
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4.2 Classes of Completeness

From Lemma 4.1 it follows that the abstract interpretation designer
has only to focus on the set of programs that are complete for the
property of interest expressed in an abstract domain A. The same
notion can be defined for predicates and expressions. We call these
sets the class of completeness for A:

DEFINITION 4.2 (Completeness classes). Given an abstract do-
main A 2 Abs(}(⌃)) such that A = ↵(}(⌃)), the class of all
programs for which the abstract interpretation in A is complete is:
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Roughly, the class of completeness of a programming language
defines the set of all programs for which a given abstraction will
never produce false alarms. This is a property of programs with
respect to the given abstraction. It is worth noting that this property
is infinite and not extensional (cf. [22]). It is infinite because for
any abstraction ↵ which is a computable function: |C↵| = !.
This can be proved by a straightforward padding argument and by
observing that skip 2 C↵ for any ↵. It is not extensional because
there exist P,Q 2 Imp such that: P is complete for ↵, JP K =
JQK, and Q is not complete for ↵. This phenomenon is known
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complete shell/core transformations a global domain-theoretic tool
which is too strong for attacking questions conceding the behavior
of an analysis on a given program. This can be better explained by
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loop ever terminate?”. The first two are examples of safety prop-
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there exist P,Q 2 Imp such that: P is complete for ↵, JP K =
JQK, and Q is not complete for ↵. This phenomenon is known
in programs analysis (e.g., see [17]) where semantics preserving
program transformations may loose precision of analyses.
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def
= {⇢ 2 S | JbK⇢ = t}.
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Note that for an always non-terminating program P , for any set
of states S we have JP K = ?. In the following we will always
assume recursive enumerable sets of states in }(⌃) as arguments
of semantic functions.

The best correct denotational semantics is defined for any
generic abstraction A 2 Abs(}(⌃)) such that A = ↵(⌃). We
first define the best correct transfer function for predicates on A:
L b M

↵ : A�!A, such that for any S 2 A:

L b M
↵
S = ↵(
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⇢ 2 S
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The generic abstract denotational semantics JC K
↵ : A�!A is

derived as the best correct approximation of the concrete semantics
by composing abstract transfer functions and by approximating
concrete disjunctions of stores through their join in the abstract
lattice A. Let S 2 A:

JskipK
↵
S

def
= S

Jx := aK
↵
S

def
= ↵({⇢[x 7! JaK⇢] | ⇢ 2 S})
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In the abstract fixpoint computation for a while-loop, standard
static analyzers replace the lub t with a widening operator r to
accelerate or force the convergence of the iterations [4]. These
analyses are not in the scope of the present paper.

4. The class of complete abstractions

Following the standard definitions in abstract interpretation (cf.
[4, 5]), an abstraction A = ↵(}(⌃)) is complete for a program
C 2 Imp when for all set of stores S 2 }(⌃):

↵(JC KS) = JC K
↵
↵(S).

The abstraction ↵ is complete for a Boolean test b when:

↵(L b MS) = L b M
↵
↵(S)).

Given a program P , checking whether the abstraction ↵ is complete
for P by computing the completeness shell or core of ↵, as intro-
duced in [13], is often too complex: the refinement indeed generates
an abstract domain which is complete for all programs involving
the syntactic objects in P and for all possible query. This makes the
complete shell/core transformations a global domain-theoretic tool
which is too strong for attacking questions conceding the behavior
of an analysis on a given program. This can be better explained by
introducing the notion of program query.

4.1 Program Queries

The goal of a static analysis/verification tool is to soundly answer
some question on the dynamic (concrete) execution of the program.
For instance, common queries to static analysis tools are: “is this
variable not-null?”, “Is this variable non-negative?”, “Does this
loop ever terminate?”. The first two are examples of safety prop-
erties, the third of a liveness property. Here, we focus on safety
properties. Given a program P , a set of initial states I ✓ ⌃, and a
predicate/query q we are interested to know whether the final states
satisfy the query, i.e., whether the following formula holds:

8⇢0 2 I, ⇢1 2 ⌃. JP K(⇢0) = ⇢1 =) JqK⇢1 = t.

or equivalently whether JP K(I) ✓ L q M(JP K(I)). However, we
cannot decide it for each possible query. Therefore, we need to
over-approximate the collecting semantics JP K with JP K

↵ and to
under-approximate L q M(JP K(I)). In general the abstract domains
used for the two approximations may be different, this is for in-
stance the case when a numerical abstract domain (e.g., intervals,
Octagons) is used to infer variable bounds and an SMT solver is
used to check the absence of buffer overruns. Here we are interested
in the case where there is no under-approximation of the query, that
is we require: (i) the two abstract domains to coincide; and (ii) the
query to be exactly represented in the abstract domain. For instance
the query x � y ^ y � 0 is exactly represented with octagons but
not with intervals — the best approximation with intervals being
x � 0 ^ y � 0.

The key observation is that if the query is exactly representable
in the abstract domain and the abstract semantics for a program P
is complete, then answering the question in the abstract is the same
as answering it in the concrete, i.e., no imprecision (for the given
program) is introduced by the abstraction. This is summarized by
the following lemma, which comes straight from the definitions.

LEMMA 4.1. If q is a query and P a program such that ↵(JP K) =
JP K

↵ then JP K(I) ✓ L q M(JP K(I)) iff JP K
↵
I v L q M

↵(JP K
↵(I)).

4.2 Classes of Completeness

From Lemma 4.1 it follows that the abstract interpretation designer
has only to focus on the set of programs that are complete for the
property of interest expressed in an abstract domain A. The same
notion can be defined for predicates and expressions. We call these
sets the class of completeness for A:

DEFINITION 4.2 (Completeness classes). Given an abstract do-
main A 2 Abs(}(⌃)) such that A = ↵(}(⌃)), the class of all
programs for which the abstract interpretation in A is complete is:

C↵
def
=

�
P 2 Imp

�� ↵(JP K) = JP K
↵

 

Similarly we can define a completeness class of all Boolean expres-
sions.

E↵
def
=

�
q 2 ImpExp

�� ↵(L q M) = L q M
↵  

.

Roughly, the class of completeness of a programming language
defines the set of all programs for which a given abstraction will
never produce false alarms. This is a property of programs with
respect to the given abstraction. It is worth noting that this property
is infinite and not extensional (cf. [22]). It is infinite because for
any abstraction ↵ which is a computable function: |C↵| = !.
This can be proved by a straightforward padding argument and by
observing that skip 2 C↵ for any ↵. It is not extensional because
there exist P,Q 2 Imp such that: P is complete for ↵, JP K =
JQK, and Q is not complete for ↵. This phenomenon is known
in programs analysis (e.g., see [17]) where semantics preserving
program transformations may loose precision of analyses.
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In the abstract fixpoint computation for a while-loop, standard
static analyzers replace the lub t with a widening operator r to
accelerate or force the convergence of the iterations [4]. These
analyses are not in the scope of the present paper.
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↵(S).
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Given a program P , checking whether the abstraction ↵ is complete
for P by computing the completeness shell or core of ↵, as intro-
duced in [13], is often too complex: the refinement indeed generates
an abstract domain which is complete for all programs involving
the syntactic objects in P and for all possible query. This makes the
complete shell/core transformations a global domain-theoretic tool
which is too strong for attacking questions conceding the behavior
of an analysis on a given program. This can be better explained by
introducing the notion of program query.

4.1 Program Queries

The goal of a static analysis/verification tool is to soundly answer
some question on the dynamic (concrete) execution of the program.
For instance, common queries to static analysis tools are: “is this
variable not-null?”, “Is this variable non-negative?”, “Does this
loop ever terminate?”. The first two are examples of safety prop-
erties, the third of a liveness property. Here, we focus on safety
properties. Given a program P , a set of initial states I ✓ ⌃, and a
predicate/query q we are interested to know whether the final states
satisfy the query, i.e., whether the following formula holds:
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used to check the absence of buffer overruns. Here we are interested
in the case where there is no under-approximation of the query, that
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query to be exactly represented in the abstract domain. For instance
the query x � y ^ y � 0 is exactly represented with octagons but
not with intervals — the best approximation with intervals being
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The key observation is that if the query is exactly representable
in the abstract domain and the abstract semantics for a program P
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as answering it in the concrete, i.e., no imprecision (for the given
program) is introduced by the abstraction. This is summarized by
the following lemma, which comes straight from the definitions.
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From Lemma 4.1 it follows that the abstract interpretation designer
has only to focus on the set of programs that are complete for the
property of interest expressed in an abstract domain A. The same
notion can be defined for predicates and expressions. We call these
sets the class of completeness for A:

DEFINITION 4.2 (Completeness classes). Given an abstract do-
main A 2 Abs(}(⌃)) such that A = ↵(}(⌃)), the class of all
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Roughly, the class of completeness of a programming language
defines the set of all programs for which a given abstraction will
never produce false alarms. This is a property of programs with
respect to the given abstraction. It is worth noting that this property
is infinite and not extensional (cf. [22]). It is infinite because for
any abstraction ↵ which is a computable function: |C↵| = !.
This can be proved by a straightforward padding argument and by
observing that skip 2 C↵ for any ↵. It is not extensional because
there exist P,Q 2 Imp such that: P is complete for ↵, JP K =
JQK, and Q is not complete for ↵. This phenomenon is known
in programs analysis (e.g., see [17]) where semantics preserving
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In the abstract fixpoint computation for a while-loop, standard
static analyzers replace the lub t with a widening operator r to
accelerate or force the convergence of the iterations [4]. These
analyses are not in the scope of the present paper.
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Following the standard definitions in abstract interpretation (cf.
[4, 5]), an abstraction A = ↵(}(⌃)) is complete for a program
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↵(JC KS) = JC K
↵
↵(S).

The abstraction ↵ is complete for a Boolean test b when:

↵(L b MS) = L b M
↵
↵(S)).

Given a program P , checking whether the abstraction ↵ is complete
for P by computing the completeness shell or core of ↵, as intro-
duced in [13], is often too complex: the refinement indeed generates
an abstract domain which is complete for all programs involving
the syntactic objects in P and for all possible query. This makes the
complete shell/core transformations a global domain-theoretic tool
which is too strong for attacking questions conceding the behavior
of an analysis on a given program. This can be better explained by
introducing the notion of program query.

4.1 Program Queries

The goal of a static analysis/verification tool is to soundly answer
some question on the dynamic (concrete) execution of the program.
For instance, common queries to static analysis tools are: “is this
variable not-null?”, “Is this variable non-negative?”, “Does this
loop ever terminate?”. The first two are examples of safety prop-
erties, the third of a liveness property. Here, we focus on safety
properties. Given a program P , a set of initial states I ✓ ⌃, and a
predicate/query q we are interested to know whether the final states
satisfy the query, i.e., whether the following formula holds:
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or equivalently whether JP K(I) ✓ L q M(JP K(I)). However, we
cannot decide it for each possible query. Therefore, we need to
over-approximate the collecting semantics JP K with JP K

↵ and to
under-approximate L q M(JP K(I)). In general the abstract domains
used for the two approximations may be different, this is for in-
stance the case when a numerical abstract domain (e.g., intervals,
Octagons) is used to infer variable bounds and an SMT solver is
used to check the absence of buffer overruns. Here we are interested
in the case where there is no under-approximation of the query, that
is we require: (i) the two abstract domains to coincide; and (ii) the
query to be exactly represented in the abstract domain. For instance
the query x � y ^ y � 0 is exactly represented with octagons but
not with intervals — the best approximation with intervals being
x � 0 ^ y � 0.

The key observation is that if the query is exactly representable
in the abstract domain and the abstract semantics for a program P
is complete, then answering the question in the abstract is the same
as answering it in the concrete, i.e., no imprecision (for the given
program) is introduced by the abstraction. This is summarized by
the following lemma, which comes straight from the definitions.
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4.2 Classes of Completeness

From Lemma 4.1 it follows that the abstract interpretation designer
has only to focus on the set of programs that are complete for the
property of interest expressed in an abstract domain A. The same
notion can be defined for predicates and expressions. We call these
sets the class of completeness for A:

DEFINITION 4.2 (Completeness classes). Given an abstract do-
main A 2 Abs(}(⌃)) such that A = ↵(}(⌃)), the class of all
programs for which the abstract interpretation in A is complete is:
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Roughly, the class of completeness of a programming language
defines the set of all programs for which a given abstraction will
never produce false alarms. This is a property of programs with
respect to the given abstraction. It is worth noting that this property
is infinite and not extensional (cf. [22]). It is infinite because for
any abstraction ↵ which is a computable function: |C↵| = !.
This can be proved by a straightforward padding argument and by
observing that skip 2 C↵ for any ↵. It is not extensional because
there exist P,Q 2 Imp such that: P is complete for ↵, JP K =
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which is too strong for attacking questions conceding the behavior
of an analysis on a given program. This can be better explained by
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I v L q M

↵(JP K
↵(I)).

4.2 Classes of Completeness

From Lemma 4.1 it follows that the abstract interpretation designer
has only to focus on the set of programs that are complete for the
property of interest expressed in an abstract domain A. The same
notion can be defined for predicates and expressions. We call these
sets the class of completeness for A:

DEFINITION 4.2 (Completeness classes). Given an abstract do-
main A 2 Abs(}(⌃)) such that A = ↵(}(⌃)), the class of all
programs for which the abstract interpretation in A is complete is:

C↵
def
=

�
P 2 Imp

�� ↵(JP K) = JP K
↵

 

Similarly we can define a completeness class of all Boolean expres-
sions.

E↵
def
=

�
q 2 ImpExp

�� ↵(L q M) = L q M
↵  

.

Roughly, the class of completeness of a programming language
defines the set of all programs for which a given abstraction will
never produce false alarms. This is a property of programs with
respect to the given abstraction. It is worth noting that this property
is infinite and not extensional (cf. [22]). It is infinite because for
any abstraction ↵ which is a computable function: |C↵| = !.
This can be proved by a straightforward padding argument and by
observing that skip 2 C↵ for any ↵. It is not extensional because
there exist P,Q 2 Imp such that: P is complete for ↵, JP K =
JQK, and Q is not complete for ↵. This phenomenon is known
in programs analysis (e.g., see [17]) where semantics preserving
program transformations may loose precision of analyses.
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�
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�
.
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�
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�
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ⓒ Giacobazzi

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise

Submission for POPL 2015 5 2014/7/17

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
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x := 10;
while 
   (x>0)

{ 
  x := x-1 
};

x := 10;
while 
   (x>1)

{ 
  x := x-2 
};

{ x int }

{ x = 0 }

{ x int }

{ x = 0 }
x ∈ [0,1]

x ∈ [0,0]
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M
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which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.
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mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
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that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }
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↵(S) is decidable.
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know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=
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P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
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2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>
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It is clear that P>

2 C↵. Consider the partial recursive function
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re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI
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Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:
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x 2 ⌃ such that x 6= c we have that A [ {x} 2 I
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. There-
fore, because |⌃| = ! then also |I
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| = !. This implies
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such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I
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not converge in less than n steps. Therefore for any S 2 }
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we have  (P, S) = JP
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K(S) and therefore Jg(R,P )K =
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>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that
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Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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ⓒ Giacobazzi

Whenever we can see something but not all 

there exists a program for which you cannot be precise!



ⓒ Giacobazzi

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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ⓒ Giacobazzi

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
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ⓒ Giacobazzi

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }
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↵(S) is decidable.
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↵ = id or ↵ = �x. ⌃.
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both complete abstractions for any continuous function, therefore
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This means1 that Qa 62 C↵ which contradicts the hypothesis that
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stractions, there exists a program for which the abstraction is in-
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1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
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THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
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. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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ⓒ Giacobazzi

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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{Q | [[P ]] =
[[Q]]}

↵ = {>, ?}

non-termination
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ⓒ Giacobazzi

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
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↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
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=
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We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
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re(⌃) such that
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Being partial recursive  is computed by a program R 2 Imp such
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P 2 Imp and S 2 }
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Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
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re(⌃) defined as follows:
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Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I
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the set of stores for which Qabc is incomplete:
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is infinite. In particular, as shown in
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x 2 ⌃ such that x 6= c we have that A [ {x} 2 I
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. There-
fore, because |⌃| = ! then also |I
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such that n  HSI and there-
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. Therefore g(R,P ) 62 C↵.
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we have  (P, S) = JP
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K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:
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(
JP
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K(S) if JP K({HP I})#HSI
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ⓒ Giacobazzi

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=
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S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }
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Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):
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We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
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ⓒ Giacobazzi

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=
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S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=
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S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=
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P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
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total recursive function g : Imp ⇥ Imp�!Imp such that for any
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 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I
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. There-
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for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)
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Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=
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P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
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2 Imp such that JP
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re(⌃) defined as follows:
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Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I
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x 2 ⌃ such that x 6= c we have that A [ {x} 2 I
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. There-
fore, because |⌃| = ! then also |I
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| = !. This implies
that there exists S 2 I
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such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I
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. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =
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a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
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exists A 2 }
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↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.
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↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.
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programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
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re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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ⓒ Giacobazzi

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
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guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
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↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
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PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:
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b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
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re(⌃) such that:
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↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
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programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }
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Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):
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We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
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orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
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Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
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Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:
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m′ ∉ (! ◦ ")# such that var (m′) is disjoint from var ((! ◦ !$"A ◦ ")#), because the (non-top) points
of our concrete domain ℘̂(S) predicate over !nite set of variables. Suppose m′ = 〈%1/&1, . . . , %!/&!〉
with var ((! ◦ ")#) \ var (m′) = {%!+1, ..., %!+" } we let Set(m

′, #) be the program

%1 := &1; . . . ;%! := &! ;%!+1 := $; . . . ;%!+" := $

We transform $ into:

'm′,# ($)
def
= if In(#) then

if ¬In(#) then Set(m′, #)
else $

else $

The intuition of the transformation is the following: Since # ⊂ (! ◦")# there will be at least one set
of stores that can go through both branches in the abstract semantics. As a consequence Set(m′, #)
is dead code for the concrete semantics but it is not dead code for the abstract one, marking 'm′,# ($)
incomplete for A.
Note that in 'm′,# ($), the choice of # may be independent of $ , while that of m′ is not, i.e., the

opaque predicate depends on the abstract domain while the dead code depends on the source code.
For brevity we denote by ' ($) the code injection transformation 'm′,# ($) for suitable m′ and # .

Proposition 19. Let be ' de!ned as above. For any $ ∈ Imp we have !' ($)" = !$".

Proof. In the following we let

(
def
= if ¬In(#) then Set(m′, #)

else $

such that ' ($) = if In(#) then ( else $ . Then, for any m ∈ S we have:

!' ($)"m = !("(!In(#)"m) ∪ !$"(!¬In(#)"m)

= !Set(m′, #)"(!¬In(#)"(!In(#)"m))

∪ !$"(!In(#)"(!In(#)"m)) ∪ !$"(!¬In(#)"m)

= !$"(!In(#)"m) ∪ !$"(!¬In(#)"m)

= !$"m

since !¬In(#)"(!In(#)"m) = ∅ and either !In(#)"m = {m} and !¬In(#)"m = ∅ or !In(#)"m = ∅
and !¬In(#)"m = {m}. q.e.d.

We show in Theorem 22 that the above control-"ow transformation makes any program incom-
plete. In the proof we exploit the following two technical lemmas.

Lemma 20. Let A be variable !nite and let # ∈ ℘̂(S) be a recursive set such that # ⊂ (! ◦ ")# ⊂ S.

Then !In(#)"A" (#) = " (#).

Proof. By de!nition, !In(#)"A = " ◦ !In(#)" ◦! . Thus !In(#)"A" (#) = (" ◦ !In(#)" ◦ ! ◦ ")#
= " ({#In(#) $m | m ∈ (! ◦ ")#}). Let ) = var ((! ◦ ")#) = var (#). We recall that #In(#) $m = tt i#
m ∈ {m | m |$ ∈ # |$ }. Now, for m ∈ (! ◦ ")# , we have m |$ ∈ # |$ i# m ∈ # . Therefore we have that

{#In(#) $m | m ∈ (! ◦ ")#} = # and !In(#)"A" (#) = " (#). q.e.d.

Lemma 21. Let A be variable !nite and let # ∈ ℘̂(S) be a recursive set such that # ⊂ (! ◦ ")# ⊂ S.

Then ⊥ < !¬In(#)"A" (#) ≤ " (#).
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ⓒ Giacobazzi

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
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re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I
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the set of stores for which Qabc is incomplete:

I
↵
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=
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↵(↵(S))
 

It is easy to see that I↵
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is infinite. In particular, as shown in
Theorem 4.4, A 2 I
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. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
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. There-
fore, because |⌃| = ! then also |I

↵
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| = !. This implies
that there exists S 2 I
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such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I
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• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP
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K(S) if JP K({HP I})#HSI
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m′ ∉ (! ◦ ")# such that var (m′) is disjoint from var ((! ◦ !$"A ◦ ")#), because the (non-top) points
of our concrete domain ℘̂(S) predicate over !nite set of variables. Suppose m′ = 〈%1/&1, . . . , %!/&!〉
with var ((! ◦ ")#) \ var (m′) = {%!+1, ..., %!+" } we let Set(m

′, #) be the program

%1 := &1; . . . ;%! := &! ;%!+1 := $; . . . ;%!+" := $

We transform $ into:

'm′,# ($)
def
= if In(#) then

if ¬In(#) then Set(m′, #)
else $

else $

The intuition of the transformation is the following: Since # ⊂ (! ◦")# there will be at least one set
of stores that can go through both branches in the abstract semantics. As a consequence Set(m′, #)
is dead code for the concrete semantics but it is not dead code for the abstract one, marking 'm′,# ($)
incomplete for A.
Note that in 'm′,# ($), the choice of # may be independent of $ , while that of m′ is not, i.e., the

opaque predicate depends on the abstract domain while the dead code depends on the source code.
For brevity we denote by ' ($) the code injection transformation 'm′,# ($) for suitable m′ and # .

Proposition 19. Let be ' de!ned as above. For any $ ∈ Imp we have !' ($)" = !$".

Proof. In the following we let

(
def
= if ¬In(#) then Set(m′, #)

else $

such that ' ($) = if In(#) then ( else $ . Then, for any m ∈ S we have:

!' ($)"m = !("(!In(#)"m) ∪ !$"(!¬In(#)"m)

= !Set(m′, #)"(!¬In(#)"(!In(#)"m))

∪ !$"(!In(#)"(!In(#)"m)) ∪ !$"(!¬In(#)"m)

= !$"(!In(#)"m) ∪ !$"(!¬In(#)"m)

= !$"m

since !¬In(#)"(!In(#)"m) = ∅ and either !In(#)"m = {m} and !¬In(#)"m = ∅ or !In(#)"m = ∅
and !¬In(#)"m = {m}. q.e.d.

We show in Theorem 22 that the above control-"ow transformation makes any program incom-
plete. In the proof we exploit the following two technical lemmas.

Lemma 20. Let A be variable !nite and let # ∈ ℘̂(S) be a recursive set such that # ⊂ (! ◦ ")# ⊂ S.

Then !In(#)"A" (#) = " (#).

Proof. By de!nition, !In(#)"A = " ◦ !In(#)" ◦! . Thus !In(#)"A" (#) = (" ◦ !In(#)" ◦ ! ◦ ")#
= " ({#In(#) $m | m ∈ (! ◦ ")#}). Let ) = var ((! ◦ ")#) = var (#). We recall that #In(#) $m = tt i#
m ∈ {m | m |$ ∈ # |$ }. Now, for m ∈ (! ◦ ")# , we have m |$ ∈ # |$ i# m ∈ # . Therefore we have that

{#In(#) $m | m ∈ (! ◦ ")#} = # and !In(#)"A" (#) = " (#). q.e.d.
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An Abstract property of programs is (Rice)-extensional 
iff 

    is trivial↵
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ⓒ Giacobazzi

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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This means1 that Qa 62 C↵ which contradicts the hypothesis that
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
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an abstraction of states in ⌃. Consider the following programs P
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mains and the corresponding classes of completeness. In particular
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sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
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�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
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K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
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It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =
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<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
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Qabc

def
=
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re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
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| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
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. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=
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We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
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Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
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 (P, S). Consider P 2 Imp.
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x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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{Q | [[P ]] =
[[Q]]}

Can 

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I

↵
Qabc

. There-
fore, because |⌃| = ! then also |I

↵
Qabc

| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
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K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
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Qabc

def
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It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I
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. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I
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Qabc

. There-
fore, because |⌃| = ! then also |I
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| = !. This implies
that there exists S 2 I

↵
Qabc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
Qabc

. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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{Q | [[P ]] =
[[Q]]}

Can 

EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P

and Q on the variables {x, a, b}:

P : x := a ⇤ b

Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 M

Sign({b 7! +}) = Z
which implies that

JP K
Sign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}

JQK
Sign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.

Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }

re(⌃):
⇢ 2

?
↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C↵ = Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C↵ = Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }

re(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program PA

and P↵(A) on a single variable x such that JPAK(⌃) = A and
JP↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A. The program Qabc associated with the following
partial recursive function  abc : ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 abc(x) =

8
<

:

a if x = a

b if x = c

? otherwise

Then JQabcK(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQabcK(A)) = ↵({a}) and ↵(JQabcK(↵(A)) =
↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }

re(⌃) such that:

↵(JQabcK(A)) 6= ↵(JQabcK(↵(A)) ✓ JQabcK
↵(↵(A)).

This means1 that Qa 62 C↵ which contradicts the hypothesis that
C↵ = Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C↵ and its complement C↵,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Qabc exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C↵ and C↵ are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }

re(⌃)�!N.
Consider the following property of programs representing in Imp
the halting problem of Turing machines (see [22]):

K
def
=

�
P
�� 9n 2 N. JP K({HP I})#n

 

We first prove that C↵ is productive. The proof is by many-to-one
reduction of K to C↵, which is denoted K �m C↵, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C↵.

Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-
orem 4.4, being ↵ non trivial, there exists A 2 }

re(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Qabc as in Theorem 4.4. We
proved that Qabc 62 C↵. Being ↵ recursive, there exists a program
P

>
2 Imp such that JP

>
K(?) 2 }(⌃) and ↵(JP>

K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>

K(S)) = >.
It is clear that P>

2 C↵. Consider the partial recursive function
 : Imp⇥ }

re(⌃)�!}
re(⌃) defined as follows:

 (P, S) =

8
<

:
JQabcK(S) if JP K({HP I})#HSI

JP
>

K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }

re(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I

↵
Qabc

the set of stores for which Qabc is incomplete:

I
↵
Qabc

def
=

�
S 2 }

re(⌃)
�� ↵(JQabcK(S)) 6= JQabcK

↵(↵(S))
 

It is easy to see that I↵
Qabc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I

↵
Qabc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I
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. There-
fore, because |⌃| = ! then also |I
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that there exists S 2 I
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such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQabcK(S)
for some S 2 I

↵
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. Therefore g(R,P ) 62 C↵.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }
re(⌃)

we have  (P, S) = JP
>

K(S) and therefore Jg(R,P )K =
JP

>
K, which implies that g(R,P ) 2 C↵.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �m C↵, which is equivalent to K �m C↵. This proves
that C↵ is productive. The proof that C↵ is productive is analogous
and can be obtained, by many-to-one reduction K �m C↵, by
considering the partial recursive function:

 
0(P, S) =

(
JP

>
K(S) if JP K({HP I})#HSI

JQabcK(S) otherwise
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be Turing complete? 

NO
spec, int 2 C↵

8P : [[spec]](int, P ) 2 C↵

X

On Completeness Classes again
POPL2020P 2 Programs
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ⓒ Giacobazzi

MY CLAIM!

➪
Any obfuscation technique is an instance of

!spec"(interp+,P)

for some interp+ making an abstraction α incomplete!

➪
Given an obfuscated code P, what is α?

➪
Given α, can we derive interp+ systematically?

c©Giaco – Rennes 2012 – p.55/63

Any non-trivial abstract property of programs is intensional!

Non-trivial abstract interpretations always reveal  
properties about the way the code is written!
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Program Analysis is like Computational Complexity

Can we build an implicit program analysis theory?
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Hack the code to increase precision!

If   is non-trivial which programs can I build in    ?↵
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In the Future? 
PRIN — Analysis of Program Analyses (ASPRA) 
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